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1. INTRODUCTION

In this paper we consider approximation properties of operators U, of
convolution type of which the kernel is the p-th power of a function B(¢)
belonging to a class B. The operators U, are acting on the elements f(¢) of a
class M of functions and are defined by

Ushio =1 [ fe =g 1)

The class B consists of all real functions S(¢) defined on the whole real
line R and possessing the following four properties 1.-4.:

I. B(t) =0onR.

2. B(t) is continuous at ¢ = 0, B(0) = 1.
3. Foreach é > 0, supp,s (7)) < 1.
4

B(t) belongs to the Lebesgue class L, , i.e., fi, B(z) dt exists in the
sense of Lebesgue.

We set

I, = f (1) dt (p = 1). )

The class M consists of all real functions f(¢), defined, bounded and Lebesgue-
measurable on R. Then the right-hand side of (1) exists for all p == 1. Clearly,
the operators U, are linear and positive on M.

Two main questions will be answered in this paper. Firstly, for the operators
U, with B(t) € B, f(t)€ M and continuous at ¢t = x, it is proved in Theo-
rem 1 that if p — oo,

Uf; x) — f(x) = 0. (€)
26
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Secondly, for the speed with which U, (f; x) — f(x) tends to zero if p — o0,
asymptotic formulae of Voronovskaya type are derived under conditions
which imply that more is known about the behaviour of S(¢) for ¢ | 0 and
t 10, respectively (property 5., resp. 5'.) and that f"(x) exists. It turns out,
that, in some situations, with respect to this behaviour of B(¢), in the asymp-
totic formulae only f'(x) comes up, in other ones both f(x) and f"(x) and in
still others only f”(x). Theorems 2-8 are devoted to this study, Theorem 7
being of special interest.

In some very special cases of operators of the type U, Voronovskaya type
formulae were already known. To the best of our knowledge in all of them
B(t) is continuous and even. Some examples of such operators are considered
in the last section in the context of our general results. Also a number of more
general operators are treated there.

From the point of view of approximation theory Korovkin [4] was the
first to study a special case of operators of the type U,. However, in his
study the interval of integration is finite and B(¢) is everywhere continuous.
For a bounded f(¢), which is continuous at ¢ = x, he proved (3) for peN.
In the hterature some particular operators of type (1) occur much earlier:
e.g. Weierstrass [10] used such operators with 5(¢) = e~t" and p € N to prove
his celebrated approximation theorem, while Landau [5] proved the same
theorem, using B(#) = 1 — 2 (J¢] < 1), B(£) =0 (] ¢t] > 1), p e N. Of other
authors who incidentally used special operators of the above form we only
mention here Titchmarsh [8] and Bochner [1]. In their 1970 book [3] Butzer
and Nessel consider in chapter 3 a.0. some particular cases of the operators
(1). For them they prove (3) if fe L*, f continuous at ¢ = x. In order to
investigate the speed of convergence in (3) (in the sense of the present paper),
in case the right-hand side of (1) is of Fejér’s type they assume that B(z) is
even.

In 1973 Bojanic and Shisha [2] continuing the work on the special type of
operators U, studied by Korovkin, used a special form of property 5. below
in deriving a formula for the speed with which U, (f: x) — f(x) tends to zero
if p —> oo (p € N). They assumed JB(¢) to be even, continuous and monotoni-
cally decreasing for ¢ == 0 (they consider only a finite interval of integration).
The direction of their work is different from ours. They assumed f(¢) to be
continuous and they made use of the modulus of continuity of f.

2. SOME LEMMAS

In Lemmas 1-5 it is assumed that B(f)e Band v =0, 1, 2,... . We put for
6>0andp>1

18 = [ o) dr, 4,0) = [ eB 0 RO = [ Bt (@
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In case v = 0, we shall write
1,(8) = 1,,(3). )

LEMMA 1. If8 > 0,3 > n > 0 and if v odd, B(t) not even on an arbitrary
small interval around t = 0, then

L5
lim 22—~ = 1. 6
p® va(n) ( )
Proof. 1f 8§ = (6) is trivial. If & 5 =, it may be supposed that § > 7.
Then

1,4(8) = 1,(n) + re(2) dt, (M

n<E)<8

where if p is even

0< [ eB()d <287 sup By =281 ~ 7, (8)
2<|t]<s <8

NE 1<

7 satisfying the inequality 0 << = < I, because of property 3. By property 2.
there exists a positive number ¢ (£ << ) such that B(t) > 1 — 1= for all ¢
with | 7 | < £ Consequently

L) = 16 =20 — oy [ = 2200~y @)
From (7), (8) and (9) then follows that
va(S) y4
0 <22 =1 <0+ D) Gl

This proves Lemma | if p is even. If p is odd a similar reasoning holds.

LemMmaA 2. If 8 > 0 then

R,(3)
lim 75 = 0. (10)

Proof. According to property 3. there exists a number 7 with 0 < 7 < 1
such that 0 << B(t) <1 — rfor all t with | ¢! > . Then, if p > 2,

Rf®) < —7pt [ Bydr <t =B, (1

where || B is the L,-norm of B(z), which exists because of property 4. On
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account of property 2. there exists a positive number %, such that f(¢) >
1 — %= for all ¢ with | #| <<% and hence

I, = I(n) = 29(1 — 7). (12)

Because of (11) and (12) it follows that

R,(®) 18l L —7y¢
O<—7 <2n(1~7)(1~;1w)

and thus (10).

Lemma 3. If 6 > 0, then

limff'}ﬁ: ! and lim B® _ o, (13)

p= 0 A FEEI A

Proof. From
I(®) + R,() =1,,
o< 20 <20
and Lemma 2, (13) follows.
LemMA 4.
‘l)ip} Lo 1. (14)

b

Proof. Because of Property 2. there exists to every € >0 a é > 0 such,
that for all ¢ with | ] <{ 8 the relation 0 <{ 1 — B(¢) < ¢/2 holds. Hence

Toa <1= [ (1= B B(r) dt + L

— [ 1= BN Bt + RAB) = Ryui®) + L
< (6/2) Ip + RD(S) J|_ Io+1 .

By Lemma 3 this means that for all sufficiently large p

Since € > 0 is arbitrary, (14) follows.
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LemMmA 5. If6 >0andn >0, then

. A,(8)
lim 22— = 1.
[aded Avo(n)

Proof. 1t can be given similarly to that of Lemma 1.
A lemma of a different character, which is useful in the next sections is the

following one.

LEMMA 6. If6 >0,A>0,0 >0, « >0, then

3
lim p(+/ f Peoot* gt = q-1g=0+D /(A + 1)/e). (15)
0

p—r©

Proof. (15) readily follows by substituting pot® = u in the integral.

3. THE APPROXIMATION THEOREM
In this section we prove the following theorem:

TaeoreM 1. If B(t) € B, f(t) € M and f(t) is continuous at a point t = x,
then

lim U,(f; ) = £,

Proof. Since f(f) is continuous at ¢t = x, there exists to every ¢ >0 a
8 > 0 such that for all £ with | ¢] < 8

fx— 1) —f) < €2,

Because of property 3. there exists a constant M > 0, such that for all ¢
with [ #| > 8

| fx — 1) — f)] < M1 — B(2)).

Consequently, for all ¢

| [ — 1) — f(0)] < (e/2) + M(1 — B(®)).

Applying the operator U, it follows from its linearity and positivity that

| Ufs %) — f0)] <(/2) + M(l “"I;Ll)
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By Lemma 4 this means that for all sufficiently large p
LU, %) —fx)] <e

which proves the theorem.

4. THE SPEED OF APPROXIMATION

In determining an asymptotic expression for the speed with which the
image U,(f; x) tends to f(x) if p — oo, at a point ¢t = x of continuity of f(¢),
we assume that f”(x) exists.

Because of the existence of f"(x) we can write

flx — 1) = f(x) = —tf"(x) + 3 "(x) + 2.(t), (16)
where v,(t) is bounded on R and with the definition y,(0) =0, y.(t) is
continuous at ¢t = 0. Consequently, to each % > 0 there exists a § >0,

such that for all ¢ with | ¢ | < § the inequality

lya(O) <7 an

holds. Then, with the notation (4),
Ufx) — f) = [ {fx — 1) — F()} B(0) dt
I, )
=11 =0 + 107 + e ey de

+ [ PO — 0 — f) B ]

= 0 B o ) 4 2O KO
where

[
TA®) = [ thyle) o) d (19)
and
K = [ {f(x—1) = f()} By . (20)
{2
In what follows the asymptotic behaviour for p — oo of 1,,(8)/1, , L, (8)/1, .
J(8)/I, and K (8)/1, respectively, will be determined. The results, giving the

asymptotic behaviour of (18) for p — o, will be given in Theorems 2-8.

640/26/1-3
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In addition to properties 1.-4. it is now assumed that 3(¢) possesses the
following property 5. which makes the behaviour of B(z) for + — 0 more
precise and which allows this behaviour to be different if ¢ tends from the
positive or from the negative side to ¢ = 0:

5. Bt)=1—cte+ ()it ¢ |0, with a > 0, ¢ > 0, (1) = +(¢t*);
By=1—c" |t 4+ f()itz10,witha' >0,c >0, f(t) = o £]*).
(21
Obviously, it will be necessary to investigate the three cases o > o, @ << o
and a = o separately, while in the latter case distinction has to be made
between ¢ = ¢’ and ¢ = ¢'. In the following parts of Section 4 the cases
a>a, a <o and o = o with ¢ # ¢’ will be treated. Sub-section 4.2 is
devoted to a common treatment of these three cases as far as possible; in
Sub-section 4.3 theorems will be derived from the results of Sub-section 4.2

for each of the cases a > o', « < o’ and a = o with ¢ # ¢, separately. The
case a = o', ¢ = ¢ is investigated in Sub-section 4.4,

4.2. AsyMPTOTIC BEHAVIOUR OF (18)

Although in studying the asymptotic behaviour of ,,(8) (6 > 0) if p — oo,
only the cases v = 0, 1 and 2 are of direct interest, it will be assumed, that v
is a non-negative integer. Then

1,6) = | Z oB(r) di = j: #Bo(t) dt + (—1y f: PR(—tydr, (p>1). (22)

Because of property 2. there exists a constant §, with 0 << §; <C & such that
on the interval 0 < ¢ < 8, both 8(¢) > 0 and 8(—¢) > 0. Then, by (22) with
o replaced by 4, ,

8 S
L,(8) = f frerl088t) g | (__l)vf treelogB—t) gy
0 0 (23)
= Avo(ao) + (_l)v va(SO)'
Again, on account of property S. there exists to each € with
0 < ¢ << min(c, ¢')

a d, with 0 < §, < §, such that for all ¢ satisfying 0 < ¢ < 6, both relations

—(c+ et <logB(t) < —(c — 9 1t%
—(¢'+ ot <logB(—1) < —(c"—e)1*
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hold. Consequently, 4,,(8,) satisfies the inequalities
8 £

€
f re~oterat dt < A,,(8,) < f tre=ele=ot dt,
0 0

Applying Lemma 6 it follows with the notation

oy + 1) =a (24)
that

a ¢ + €)= I'(a) < lim inf p24,,(8,) < lim sup p®4,,(8,) < o~Yc— €)= I'(a).
pow pr®©
(25)
By writing

Avo(ssl) = Avo(se) - {Avo(as) - AVD(SEl)} (O < 861 < Se)

it is, on account of property 3., clear, that lim, ., p*{4,,(8) — 4,,(8.)} = 0
and this means that both the lim inf and the lim sup in (25) are independent
of 80 < 8. < ;). If then, € runs through a monotonically decreasing null-
sequence and the sequence of corresponding &, is chosen to be also a mono-
tonically decreasing null-sequence, it follows that

lim p*,,(8) = a~'eI'@). (26)
Similarly,
lim p'B,,(8y) = ()" (') I'(@), (27
where
&)Y+ 1)=ad. (28)

Combining (23), (26), (27) and applying Lemma 5 to (26) and (27) the
following result is arrived at
L(8) = alcal(@) p= + (—1¥ ()1 () p + olp™®) + op=) (29)

where v =0, 1, 2,..., and a, &’ are given by (24), (28) respectively.
Considering J,(8) and K () defined in (19) and (20), it follows from (17)
that

| () < nlpu(8) (30)

and since f € M there exists a constant P > 0, such that for all t on R | f(¢)| <
1P and hence, by (4) and (11)

| K(®) < PR,(3) < P|BII1 — 7 (0 <7 <) (3D
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4.3. ASYMPTOTIC BEHAVIOUR OF (18) IF NOT o = o, ¢ = ¢’

THEOREM 2. If B(t) € B and B(t) possesses property 5. with a > o, if
J@)e M and if f"(x) exists at a point t = X, then

PHUNS %) — [} = —c DR T(1/a)}7'f'(x) 4 o(1)  (p — 0). (32)

Proof. As a > &, it follows from (24) and (28) that ¢ < ¢'. This means
that for v =0, 1,..., (29) becomes

L(8) = a7le=I(@) p=* + op™)  (p— o0). (33)
Hence, using (5), (24) and (13),

A}@ = LRI () p7/ + o(p) (p—0),  (34)
—12}(8) = ¢ 2=l 3Ja){I (/o)) p=2/ + o(p™) (p— 00}, (35)

and, on account of (30), (35), (31), (33) with v = 0,
2O _ gpe, K _ gyt —ipy o0 )

Substituting (34), (35) and (36) in (18), (32) follows.

In case o' > « the following theorem holds:

THEOREM 3. If B(t)e B and B(t) possesses property 5. with o > «, if
() e M and if f"(x) exists at a point t = X, then
pPHHULS; %) — fx)} = T QIR N '(x) + o(1)  (p— ). (37)

Proof. As o’ > a, it follows from (24) and (28) that ' < @ and hence (29)
becomes

1(8) = (— V() ) T@) p~ + o) (p—> o).

Then the proof of (37) can be continued in an analogous way as that of (32)
from (33) onwards.

In case a = o/, ¢ 5 ¢’ we have

THEOREM 4. If P(t)e B and P(t) possesses property 5. with o = o,
c#c,iff(tye M and if f"(x) exists at a point t = x, then

pHUL(S; %) — f(x)
= I'Q[){I'(1/o)} ey Mo{e ™ — (D3 f'(x) + (1) (p— 0). (38)
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Proof. From (24) and (28) it follows that @ = a’. Therefore (29) becomes
forv=20,1,..,

L(8) = o' T@{c* + (=) p e+ olp™)  (p—> ) (39)

and the proof of (38) can be continued in an analogous way as that of (32)
from (33) onwards.

4.4, AsympTOTIC BEHAVIOUR OF (18) IF o = o/, ¢ = ¢’

THEOREM 5. If B(t) € B and B(t) possesses property 5. with « = o, ¢ = ¢/,
iff(tYe M and if f"(x) exists at a point t = x, then

PUHULS ¥) — )} = o(1)  (p— ). (40)

Proof. From (24) and (28) it follows that ¢ = @' and because ¢ = ¢’, (29)
gives for v odd

L{3) = op™)  (p— c0) (@1)

and the proof of (40) can be continued in an analogous way as that of (32)
from (33) onwards.

1t should be noticed that a special case of that with which Theorem 5
deals is that case where in property 5. not only a« = o', ¢ = ¢, but also
&(t) = Y(—1) on an interval 0 < ¢ < £ Then B(¢) is an even function on
| t] < 8, where 8 = min(¢, 8). By (22) 1,,(6) = 0, while (35), (30), (36) still
hold. Using these results, (18) gives

P {ULS; ¥) — [(X)} = 2720 f" ()] <@ + o«(1)  (p — 0),
where 7 is used in (17) and

Q = 23 a){ (1)}
This leads to

THEOREM 6. If B(t) € B and B(t) is even in a neighborhood of t = 0, if
f() e M and if f"(x) exists at a point t = x, then

PPPULSs X) — f(x)} = 272~ PGlaf{T(1a)}7f"(x) + (1) (p — 0.
(42)

Remark. 1n many examples of known operators of convolution type (¢)
is even on the whole of the real axis. Then Theorem 6 holds a fortiori. Viz.
Section 6.
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From the above it is clear that if a more precise result is desired then
Theorem 5 gives, it will be necessary that in Property 5 more is known about
$() and y(¢) in a neighborhood of # = 0. Theorem 6 is already an example
of this.

In what follows an investigation of Z,,(5), as defined in (22), will be given
under the condition that B(t) possesses Property 5 with « = o/, ¢ =¢’,
$(1) # (—1) on an interval 0 << ¢ < 8 (8 > 0). Of course this investigation
will again lead to Theorem 5, but if more is known about the way in which
¢(r) and J(—1) tend to zero if t | 0, it leads to results which are more precise
than Theorem 5. An important example is studied in Section 5.

Let in Property 5

X(t) = (—1) — () 43)

be either positive or negative for all sufficiently small values of ¢ > 0. Thus,
let 4 (0 < 4 < 8) be chosen so small that either

X)) >0 (for all t with 0 < t < 4)
or

X() <0 (for all £ with 0 < ¢t < 4),
and, moreover,

F—ecte+d() >4 and | —ct*+P(—1) >3 0<r < ). (M4)

Let then
r=sgn X(t) (0 <t<d). 45)

On this interval = is constant.
In case v even, it follows from (39) with ¢ = ¢’, that

L(4) = 2aic2I'(a) p~ + o(p™®), a = aY(v + 1), (46)

from which, with v = 2 and v = 0, (5) and Lemma 3,
B _ ate @yt g+ olp ) o> o). @)
Next the case v is odd is studied. Then, I,(4) is written as
Ivo(A) — J:’ tv {enlog(l——Ci"‘+d>(t)) — ealog(l-—ct%w(—t))} dt

4
— f tver 108 (1—ci®+d(t)) {1 J— eolog(I+X(t)/(l—ct"‘+a§(t)))} dt. (48)
0
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Writing for 0 <t < 4

log(l — ct* + §(t)) = —ct> 4+ (1), 49)
tog (1 -+ T2 2gy) = XO + 900, (50)

then
&) = o), (1) = O(>X(1)) (¢} 0). (51)

Since () is bounded on R, ¢(z) and (—t) are bounded on the interval
0 <<t < 4 and by (43) X(¢) too. Then it follows from (51) that there exists
on this interval a bounded, monotonically increasing function {(¢) with
{(0) = 0, and a positive constant r such that for all ¢ of this interval

L&) < 1el(t), (52)

()] < rev] X (53)

Assertion. It is possible to construct for all sufficiently large values of
p, say p = Q, two positive functions e(p) and 6(p), both monotonically

decreasing to zero if p — o0, with €(Q) < min(e, 1) and 8(Q) < 4 such that
for all p = Q and all ¢ with 0 < ¢ < 8(p) both

—(c + elp)) t* < —cr* + £(t) < —(c — elp)) 1* (54)
and

—p(l + 7e(pPX(t) < 1 — X0 < —p(1 — 7e(p)) X (1) (55)

hold, with 7 given in (45).
Obviously, (54) is satisfied if

{3y <ep) (p =0 (56)
Investigating (55) we write for 0 < < 4
L — exxsa®) — —p(X(t) + 1(0)) + X, p) 57
which transforms (55) into
| —pn(t) + pX(O)y(1, p)| < pelp) TX(1) (0 <t < 3(p).  (58)
Because of (53), (58) will certainly be satisfied if

r3p) + | y(t, Pl < elp) (0 <1 < 8(p)). (59
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From the definition (57) of y(z, p) it follows that

£ let k 1+ tak
5002 < p XU + oy § ELXOEC L0

< 3dp | X(1)] e X0, (60)

where
A = (1 + rd2

On account of Property 5. with o = o’ and (43) we can write
X(t) = t%(t) 0<r<4 (61)

with w(0) = 0, w(r) — 0 if ¢ | 0, which means, that because of the bounded-
ness of X(¢) on 0 <t < 4, there exists a function £(¢), £(0) = 0 and mono-
tonically increasing, such that

o) <L)  O<t<4a). (62)
Then it follows from (60), (61) and (62), that

| (1, p)l < 1B(p)®?  (p = Q) (63)
where
B(p) = ApS(p)2A3(p)). (64)
From (59), (60) and (63) it appears that (55) is certainly satisfied if
ré%(p) + 3B(p) e < elp)  (p = Q). (65)

In considering (56) and (65) 8(p) can be chosen in such a way that the rela-
tions

pd*(p) > 0 (p— 00) (66)

and
p&(p)R(3(p) -0  (p — ) (67)
hold simultaneously. In fact, since () is monotonically increasing on the

interval 0 <<t < 4, and £(0) = 0, the equation

1
P = ©)

possesses for all sufficiently large p, say p > p, > 1, precisely one positive
root u = u(p) which is smaller than 4. This root u(p) is monotonically
decreasing to zero if p — c0. We define

3p) = ulp) (p=p) (69)
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and with this definition we put for all p > p, == p;

e(p) = max{{(8(p)), 3%(p) + 1B(p) €'}, (70)

B(p) being defined in (64), where p, is chosen so large that for p == p, both
quantities between the curled brackets are smaller than min(c, 1) and
moreover, B(p) is monotonically decreasing (to zero) for p = p, . Then we
define Q = p, . With these definitions of 8(p), €(p) and Q the assertion is
proved and that means that for v odd and p = Q (54) and (55) are satisfied.
Consequently, by (49), (50), (54), (55) and (48), I,,(4) fulfils the following

fundamental inequalities:

8(0)
—p(L+ 7e(@) [ e X (1) di < L,(8(p))
0
8(0)
< —p(l ~ re(p)) [ rreme— X (1) d, (v odd, p = Q). (T)
0

Without knowing more about the behaviour of X(¢), i.e. of w(?), if ¢ |0,
it is impossible to derive from (71) much about the asymptotic behaviour of
I1,,(8(p)) if p — 0. However, it is easy to show that

L(3(p)) = o(p™)  (p— ) (72)

with a given by (24). In fact, multiplying all three members of (71) with p*
and using (61), (62), it follows that

p* | L(3(pD] < p* (1 + e(p)Bp)}*= 20806 | " gmtectones gy,

Applying Lemma 6, this leads to
p® | 1.(3(p)I < CB(p) &(p)

where B(p) is given in (64) and C is a properly chosen positive constant.
Because of (64), (67) and the fact that 8(p) tends to zero if p — oo, (72) is true.
As a first corollary we show that from this result Theorem 5 can be proved
again.
In fact, if v is odd and p = Q, I,,(8) as given in (22) is written as

L =LGe) + [ ). (73)

8(p)<Iti<s

Because of Property 5. with o = o', ¢ = ¢/, it is possible to choose §; > 0
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and so small, that for all ¢ with | ]| < §,, B(z) > e~#°t". Then 8(p) < §, for
sufficiently large p, say p = p, = Q and

41
Pa f tv[Bo(t) dt , < 2puf tre—iect® gy
8(o)<1t1<8, 8o}

2_1603%
= 20-1(2/c)e f =l dy.

2 1gp8%(p)

By (66) the latter integral tends to zero as p — co.
Hence it follows from (73) and (72) that for odd values of v

lim p?1,,(8;) = lim p*1,,(8(p)) = O.

Then, (41) holds and this again proves Theorem 5.
A second corollary to (71) will be treated in the next section.

5. EXAMPLE TO PROPERTY 5. OF B(t)

In this section ¢(¢) and #(¢) in Property 5. of B(t) are chosen in a special
way. Because of (43) this means that in the fundamental relation (71) of X(¢)
more is known and that will lead to a formula for the asymptotic behaviour
of I,,(3(p))-

It is assumed that Property 5. takes the following form, indicated by 5':
5 B()=1—ct>+ dt= + o) if 1 | 0,
withu > o >0, ¢ >0,d # 0, o(t) = o(t¥),
Bty=1—cltl*+d |t|*+ 1) if £10,
with ' > a > 0,d £ 0, 7(t) = o(| t]*).
In the investigation it will be supposed that u < p’ because its conclusions

appear to hold with only minor changes if &’ << p or p = p'.
Then in (43),

X(t) = —dt* + d't" — o(t) + 7(—1t) = tw(2), (74)

where, in accordance with (61),

o(t) = —dt*— + a(t), (75)
with
a(t) = o(t*) (z{0). (76)
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In (62) we may choose
&) = D (0t <4

where 4 > 0 is so small that on the interval 0 <<t < 4 X(¢) = 0 and X(¢)
has a fixed sign; D > 0 is properly chosen. On 0 <1 <L 4 is

7 = sgn(—d) an
because of (45). (66) and (67) take the form
pd*(p) > and  pdp)—>0  (p— )

respectively, from which it follows that in the special case, considered in this
section, we may take

1 1
3(p) =p y(;<y<7“—)-
Because of the results of Sub-section 4.4, with this choice of 6(p) it is
possible to construct for all sufficiently large p (p = Q) a positive function

e(p) with €(Q) < min(c, 1) and monotonically decreasing to zero if p — oo,
such that for all p = @ the fundamental inequalities (71) hold, i.e.

—pll + 7e(p) [ et Y2y di < 1 (p)
0
< _P(l — TE(p)) J.D tve—D(c—s(D))tO‘X(t) dt,
0

from which, with X(¢) written in the form
X(t) = t*(—d 4+ b(1)), and b(t) = tea(t) = (1) if ¢|0, (78)
(because of (74), (75), (76)), it follows that

(1 re(p) [ errem e 4 b(e)) di < L (p™)
(79)

< —p(1 — 7e(p)) fo ptve—ote—e N d L (1)) df.
0
Applying Lemma 6,

—y 1

J: tu+ne—o(c+i€(n))tu dt — m {T'(g) . Wz(P)}, (80)
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wherei =0, 1; j = (—1), g =(p + v + 1)/ and

W) = [ wi-le—t dy, 81)

(c+je(n)) 1~y

Further, with respect to b(¢), defined in (78) and combined with (76) it is
clear that to each ¢, with 0 < €, <{ } there exists a @, > Q such that for all

p =0,
[o(t) < —7de, (0 <1< p™) (82)

Combining (79), (80) and (82) the following inequalities are obtained

(1 4 ()1 + e} d
ofc + (p))’

(1 — rep))(l — 7e))d
ST e — )Y

Because of the fact that 1 — ay > 0, it follows from (81) that if p — oo

{I'(g) — Wo(p)} < p* 'L (p™) (83)

{r'(g) — Wilp)}.

P Wilpy >0 (i=0,1),
and, using an argument as in Sub-section 4.2 (83) results in

lim p971L, (p~) = do~tc~?I'(g) (v odd).
p~-)’)0

From this result it follows by reasoning as in the first corollary in Sub-
section 4.4 that

L(8) = docI'(g) p'~7 + o(p'~) (v odd, p — ).

Taking v = 1 and using (46) with v = 0, combined with (5) and Lemma 3,
this results in

11;(3): d2-1e- 00 /e [((p + 2)Jaf{T(1 o)}t p=twti=sVia o p(p—turl-0/n_ (84)

0

Consequently, by (18), (84) and (47) together with Lemma 1, the following
formula holds for p — co:

U(f3 3) = f() = —d2-c- 0L (. -+ 2)af T (1} f(x) pris o
+ 27T Gl T (1)} £ () p
.+_ 0(p—(u+1~a)/u) + 0(p—2/a)_

This result leads to
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TueoreM 7. If B(t) € B and B(t) possesses Property 5'. with p < u' and
d # 0, if f(t) e M and f"(x) exists at a point t = X, then

P {UL(f; x) — f(x)} = p(x) + (1)  (p— 0),

where
o =min(g + 1 — a, 2)

and
(i) f0<p—oa<l,theno =p+1— «and
p(x) = —d27 e RD((p + 2)/ o T(1)}f " (x),
(i) if w—oa=1,then o =2and
p(x) = 27 2RI G[af{ I (1o} —3d(ae) 7 (x) + "(x);
(i) if p — a > 1, then o =2 and

p(x) = 27203 a){D(1/ )}~ "(x).

ADDENDUM. If on the contrary p' << p and d’ # 0, then in the assertions
of theorem 1, u is to be replaced by p' and in (i), (ii), (iil) d by —d’.
If w=p',and d 5 d', in (i), (ii) d is to be replaced by d — d'.

6. APPLICATIONS

In this section we consider a special case of Theorem 7, which was proved
in a study [7], preceding the present paper.

THEOREM 8. If B(t) € B and B"(0) exists, while B"(0) # 0, if fe M and
f"(x) exists at a point t = x, then

PLULS: ) — 10O = 35 | g /00 + ] o) o> o). (89

Proof.  As B”(0) exists, B(¢) can be written as
B(t) = B(0) + 1B'(0) + 327(0) + §1°B"(0) + £3(1),

in which, because of the fact that Be B, B(0) = 1, B'(0) =0, B"(0) < 0,
Hence, B(¢) possesses property 5. if §7(0) # 0, with « =2, p =y’ =3,
c=—5B"(0), d =13%B"0), d = —1B"(0), t3(t) = o(t3) if t - 0. Thus, if
B”(0) # 0, Theorem 7, together with its addendum results in ¢ = 2 and (ii)
then gives (85).
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Of the well-known operators several are of the type considered in Theorem
8. As examples we mention here

1. B(t) = e I, = (n/p)*p > 1) (Weierstrass [10]).
(85) takes the form

plomra [ fix— et dr — f0Of = 11760 + o1) (p — o).
2. B@)=1—¢t¥t!<1),B(t)=0(1¢|>1) (Landau [5)).
Then, if p > 1,
I, =B(/2,p+ 1) = (w[pl(1 + o(1)  (p— o0).

Theorem 8 gives
piGpimr [ — 01 — 1 dt — 0O = 1£°) + o(1) (p > o).

3. B(t) = cos¥(m/e(| 1] < 1), (&) =0( 2] > 1).

Then, if p = 1, I, = (8/(mp)) /2
The corresponding operators are the slightly modified de la Vallée-Poussin
operators [9]. Theorem 8 gives

p {(rpf®) [ £ = 1)eostr(D) P di (9] = (1) 76) + o(1) = ).

It is to be noticed that in all three above examples B(z) is an even function.
An example where this is not so is the following one:

4. B(t) =e (1] <), B()eB.
Then, if p = 1, I, = (w/p)"*(1 4 #(1)). Theorem § is applicable with « = 2,
po=p =3 B”(O) —2, B”(0) == 6 and it gives

p {ormys [ fle— B0 df — F(0] = —2£ ) + () + o) p > o).

A first example where Theorem 8 is not applicable is a generalisation of
the above Example 2:

5 By =1—1t[Ma>0,1¢|<D,BE)=0(r|>1.
Then, if p > 1,
I, = 2071B(a™, p + 1) = 207 (1/o) p72/%(1 + o(1))  (p — o0),
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B(x, y) denoting Euler’s beta function. According to Theorem 7 with ¢ =1,
we have

i [P (1) + D) fxr— X1 = et — )

= 271 @a)}{I (1)}~ f"(x) + o(1) (p — 0).

The case « = 2k (ke N, k > 2) is due to Mamedov [6].

A

second one is the following one:

6. B(H) =€t P(lt] <, B(t)eB.

Then, if p > 1,

I, = 27 DAL + (1) (p — o).

Application of Theorem 7, together with its addendum, gives

10.

P2 20Ty [ fr— 0 B0 dt — ()

= 2T {150 + £} + o)) (o~ ).
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